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Predicate Logic ( 18132248 )

- — 1 1.2 First Order Logic —

Step 2. Ask the computer
to solve the formula.




Outline — This Lecture

« SMT Solver
 From DPLL to DPLL(T)
« EUF

e Quantifiers



SMT
- DEFINITION

The SMT problem (abbreviated satisfiability modulo theories) is the

problem of determining if there exists an interpretation that satisfies a

\given predicate logic formula.

4 )
WeE can use SAT solvers to solve SAT

probLems au’coma‘c’waLLg. cawn we solve
SMTprobLems au’comatioau@?

\_




el MathSAT 5

An SMT Solver for Formal Verification & More

SMT solver can do it!

2 53 CVC4




-
There are some powerful SAT solvers based

on. DPLL. Can we build SMT solvers based R
own these SAT solvers? N\ jer

\_

We only consider the case of quantifier-free formulas.
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A Quick Recap
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The bnput of & SAT solver is CNF and it
uses PPLL to solve the problem.




Eager SMT converts a theory
into a SAT problem
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Eager SMT Techniques

-

\_

The bnput formula can be translated using
a satlsfinbility-preserving transformation

(x=1Vax=3)A
(y=1Vy=2Vy=3)A
— =3)A
(z # y)A
(x # 2)A
(y # 2)
)

into a propositional CNF formula.




Eager SMT

Techniques

\_

Represent X, Y and z by
two variables each.

Theg are sivallay to bits. P




Eager SMT Techniques

((mp1 A p0) V (p1 A pO))A
((mg1 A qO0) V (g1 A—q0) V (g1 A q0))A

(r1 A r0)A

—((p1 <> q1) A (p0 <> 0))A
—((ql <> r1) A (q0 <> 70))A
—((pl <> r1) A (p0 < 70))

(x=1Vax=3)A
(y=1Vy=2Vy=
(2 = 3)A

(z # y)A

(x # 2)A

(y # 2)

X mmp pl|po
y == gl|q0
z wmp (1|10




Eager SMT Techniques

(x=1Vax=23)A
(y=1Vy=2Vy=3)A
— (z =3)A
(z # y)A
Rt "N (x # 2)A
((=p1 A p0) V (p1 A p0))A / (y # 2)
((—g1 A q0) V (g1 A —=q0) V (g1 A qO0))A X w—p [p1
(11 A TO)A )
=((p1 > 1) A (pO > q0))A Leave the rest to
(g1 € 1) A (g0 ¢ 70))A _powerful SAT solvers.

—((pl <> r1) A (p0 < 70))



Eager SMT Techniques

Eager SMT techniques require to encode problems to SAT:
1) Represent the state space
2) Convert the problem into the new representation

3) (Optional) Reduce redundancy



what if theve are
uninterpreted functions?

\-




Eager SMT Techniques

( )

X, Y andl z are
bool type.

Fuwctiov$ (k ~N

uwiwterpreted. wWe wawnt to encode Lt to

SAT, including f.
\__ J

.




Eager SMT Techniques

/Rﬁptace functions with
fresh variables, Fresh & f2IN

variables are variables (<> fr)A
t V4 V4
l’l,atll/\/ﬁ\/ﬁ" exXLSt L —I(IE 7N fy)
original formula.

\_ /

s the result equisatisfiable
with the original formula?

.




Eager SMT Techniques

Zx={({(z))={(5)J
y=£(2) Ax = F(F(2)) A(z = £y)

(oAt '




Eager SMT Techniques
Zx={({(z))={(5)J

y=fz)Ne=f(f(z)) A=(x = fy))

(cisar) '
N
(v & £)A Aymmf
T4 [r)\ fro=T,f, =F
[ ot P (< [r2) f )




Eager SMT Techniques
ix=f(f(z)) ={(5)J

y=fz)Ne=f(f(z)) A=(x = fy))

N
Hiigy W& JIA A?JTJETJ’:T
x> [N fro=T,f,=F
[ SAT 9 ( 4 ! y,
—I(Q‘L‘ny)

g
Without the relation between

fly) and £(£2): £(y) =f(f(2)).




Eager SMT Techniques

~
Property of

function f:

ﬁa—bﬁ fla)=10)




Eager SMT Techniques

We can always use the best available SAT solver off the shelf.

Issues:
Not very flexible to make them efficient,
Sophisticated translations are required for each theory.

On many practical problems the translation process or the SAT solver run out of time or

memory.

[memorg &




Lazy SMT integrates theory support
into the propositional search



Lazy SMT Techniques

s DEFINITION

An atomic formula in predicate logic is a formula without propositional

connectives or quantifiers.
g

&) v

o 9 ﬂf\ { atom 'fOYVMM.LaS]

= =3
=




Lazy SMT Techniques

(r=1Vaz=3)A (p1 Vv p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
ﬁ
—(z = y)A —pTA
(= 2)A —p8A
(

y = Z)(_ﬂ —p9
~N

Stepd: veplace atomle
formulas with fresh
L propositional variables.

J




Lazy SMT Techniques

[ If it is unsatisfinble,
(z=1vz=3)A (b1 V P2 the original formula is
lso unsatisfinble,

(y=1Vy=2Vy=23)A (p3 V pd V p5)A d\/ J
(z = 3)A (P6)A DPLL
ﬁ

= UNSAT
—(z = y)A —pTA
—(xz = 2)A\ P&
—(y = 2) —p9

~
StepR: use SAT solvers to

pet asstgnments.
\. y




Lazy SMT Techniques

(x=1Vaz=3)A (p1 V p2)A

(y=1Vy=2Vy=3)A (p3V pd V p5)A

(z = 3)A (p6)A DPLL pl=T,p2 =F,p3=1T,p4 = F,
Sz = y)A — . e p5 = F,p6 = T,p7 = F,p8 = F,
=(z = z)A —p8A pI=F

~(y = z) —p9

~
StepR: use SAT solvers to

pet asstgnments.
\- J




Lazy SMT Techniques

(r=1Vx=3)A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(2 = I (56)A DPLL pl=T.p2 =F.p3 =1,p4d = F,
(2= A _>ﬂp7f\ el pb = F,pb = T,p7 = F,p8 = F,
—(x = 2)A\ —p8A p=r
~(y = 2) —p9
4 r=1Lx#3y=11y#2,
Step3: use T-solvers to T R
cheek the satisfinbility, Y42

\_




Lazy SMT Techniques

(r=1Vzx=3)A (pl\./jﬂ)f‘\
(y=1vy=2Vy=3)A (p3V pd V p5)A
(2 = A (6) 7 opLL  PL=Tp2=Fp3=Tpi=F,
(@ =y)A —pTA
p9 = F
—(x = 2)A\ —pSA
_'(y:?) —upg

, e
Step3: use T-solvers to y£32=3 T2,
cheek the satisfinbility, Y2

\_




Lazy SMT Techniques

(z=1Vz=3)A (p1V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(> = 3)A (P6) DPLL pl=Tp2=F . p3="1,pd =F,
(I"— ) s p?/\ pJ—Fp6=T,p7=F,p8= .
0 =
—(z = 2)A —p8A g
~(y = 2) —p9
[ Ifitis unsatisfiable, =1~ 3L v 72
tell SAT solver to give ZEERE T Sk
, y 7z 3
another assignment. %

\_

¥
-4




Lazy SMT Techniques

(z=1Vz=3)A (p1V p2)A

(y=1Vy=2Vy=3)A (p3 V pd V p5)A

(2 = 3)A (PEIA DPLL pl=T,p2=F.,p3=1,p4d = F,
—l pb=F,p6 =T,p7 = F,p& = F,

(2
(x

J
5
I |

“pTA
p9=F

J

(y

y)A
2)A —~p8A
z) —p9 l
~ r—lﬁr‘;é?)-l?j#?
But how to tell the SATS

?;3633—31"#5
y#z E_iﬂ-wm
~AISE

J

solver this assignment

ooesn’t work?
\_ Y,

S§




Lazy SMT Techniques

(r=1Vzx=3)A (pl\fjﬂ)f‘\
(y=1vy=2Vy=3)A (p3V pd V p5)A
(2 =3)A (p6) A ppL  PL=Tp2=FEp3=Tpl=F

( )f\ TA pd = F,p6 =T, ,p7 = F,p8 = F,
—(x =y —p

p9 = F
—(x = 2)A\ —p8A
—(pl A =p2 A p3 N\ —pdA

_'(y:?) —ng

—pd A pb A —=pT7 A —~p8A

~p9)
- \7 =372
It may be redundant. I_ y £ 3= 31: £ 2,

Clever T-solvers can
y 7z 3
give simepler formulas. @'ﬁs

1))
- J




Lazy SMT Techniques

(z=1Vz=3)A (p1V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(2 = 3)A (PEIA DPLL pl=T,p2 =F.p3 =1, ,pd = F,
( ” —— - pb=F,p6 =T,p7 = F,p& = F,
=T = —Ip
p9 = F
—|(1‘ — ) —IpS,f\
-(y = 2) p —(pl A p3 A —=pT7)

f \7 | B
It mag be Yedl/tl/\/dal/\/t y#3,2=23 r#fg T # z,

Clever T-solvers can
y7z 3
give simepler formulas. %\E

1))
- J




Lazy SMT Techniques

(r=1Vaz=3)A (pl V p2)A
(y=1Vy=2Vy=23)A (p3 V pd V p5)A
(z = 3)A (p6)A DPLL pl=Tp2=Fp3 = Fjpd =T
(z = y)A pTA p5> = Ip6 ="1T,p7 = F,p8 = F,
| p9 = F
—(z = 2)A —p8A
—(y = 2) —p9 —(pl A p3 A —pT7)

r=1,x#3,y=1,y # 2,
y#3,2=3,rF#y,r# z,

y7z Ei}"?'"

S§



Lazy SMT Techniques

(r=1Vx=3)A (pl Vv p2)A
(y=1Vy=2Vy=23)A (p3 V pd V p5)A
(z = 3)A (p6)A DPLL pl=Tp2=Fp3 = Fjpd =T
(z = y)A pTA po = I,pb =1,p7 = F,p8 = F,
| p9 = F
—(z = 2)A —p8A
—(y = 2) —p9 —(pl A p3 A —pT7)
r=1,r+#3

y#3,2=3,TFY.TF 2,

[SAT]/WZ @




[wwza@
A

Predicate Logic

(x=1Vax=3)A
(y=1Vy=2Vy=3
(z =3)A\

(z # y)A

(x # 2)A

(y # 2)

.

formulas

.

! Solve Lt and

return sat

;
;

from z3 import *
x = Int('x")
y = Int('y")
z = Int('2’)

= Solver()
.add(0Or(x =
.add(Or(y =
.add(z == 3
.add(x !=vy)
.add(x != z)
.add(y != z)

n nun nun nu nun nu n

result = s.check()

print(result)

if result == sat:
print(s.model())




Z3

from z3 import *
x = Int('x")
y = Int('y")
z = Int('z")

= Solver(
.add(0r(x
.add(Or(y
.add(z ==
.add(x !
.add(x !
.add(y !

I S~~~
||

RN
\o
[
I

Il

\o

< X
Il

w
~ |l

||
<
~

n nun . n n n nu n
||
N
~

I
N
~

result = s.check()

print(result)

if result == sat:
print(s.model())

N W

o

N’

> python3 example.py

sat
[y =2, z=3, x=1]




~N

é Theories ) [

Fratching . . In addition to
Quantifier
r Instantiation N Arithmetic ) EMF, tl/l ere Are
, : - D
EUFIsaT perore many other
Solver. W s - | theory solvers.
\_ BEUF + SAT Jﬂ [ Bit-vectors } /
[ Datatypes j
Model
based
Quantifier [ Strings /Sequences ]
Instantiation
o /

Architecture of Z3's SMT Core solver



Theory Solver

What does T-Solver looks Like?



EUF

The logic of equality and uninterpreted function, EUF, is a basic

ingredient for (first-order) predicate logic.

a=bb=c,d=eb=s,d=1

-
How to check Lf it is

satisfiable?




EUF

While formulas are not empty:
remove a=b;

merge(a, b);



EUF

While formulas are not empty:

remove a=Db;

merge(a, b);
[ sar |
If find(a) = find(b) for some a+b

return false;
else

return true;



EUF

a=bb=c,d=c¢e

b=s,d=1ta+#d
merge(a, b); J
[ SAT L
If find(a) = find(b) for some a+b

return false;
else

return true;

While formulas are not empty:

remove a=Db;




EUF

a=bb=c,d=c¢

b=s,d=tc+#s

While formulas are not empty:

remove a=Db;

3

merge(a, b);
[insar
If find(a) = find(b) for some a+b

return false;

else

return true;



EUF

a=bb=c,d=c¢
b=s,d=1

f(a,g(d)) # f(b,g(e))

-
what Lf there ave
uninterpreteo functions?

\__




EUF

- THEOREM

Congruence rule:

L1 =Ylyeery Ty = Yn = f(jjla ra:r?l) — f(yla voe yﬂ)

\_

a=bb=c,d=ce

b=s,d=t1

f(a,g(d)) # f(b,g(e)) [ We can construct the
graph with

congruence rule.

\_




EUF

1) introduce constants that can be used as shorthands for sub-terms.

a=bb=c,d=ce

b=s,d=t1 m)
f(a,g(d)) # f(b,g(e))

a=bb=c,d=c¢
b=s,d=1tv3# vl



EUF

2) Working bottom-up, the congruence rule dictates how to merge groups
a=bb=c,d=ce¢
b=s,d=1t,v3 # vd
vl :=g(e),v2 := g(d)
v3 := f(a,v2),v4 := f(b,vl)

(1) @ & ® @



EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a=bb=c,d=ce¢

X
b=s,d=1t,v3 # vd

. Je:d:me):g(d)
vl :=g(e),v2 := g(d) )

v3 := f(a,v2),v4 := f(b,vl)

(1) @ & ® @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a=bb=c,d=ce¢

X
b=s,d=1t,v3 # vd

. Je:d:me):g(d)
vl :=g(e),v2 := g(d) )

v3 := f(a,v2),v4 := f(b,vl)

(o) (@) (o) @ @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

é \a:bjb:c‘det?
a=>bv2=vl= b=s,d=t,v3 #v4
2) = f(b,vl ‘= =
fla,v2) = f(b,v]) o1 = g(e),v2 == g(d)
v3 := f(a,v2),v4 := f(b,vl)

...@o




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

- \a:bjb:cjdze
a=0,v2=vl= |p=3gd=1t03+v4
2) = f(b,vl - .
\f(a*:@ ) = f(b,01) | y1:= g(e),v2 := g(d)
v3 := f(a,v2),v4 := f(b,vl)




EUF

3) Check satisfiability like before

a=bb=c,d=ce¢
b=s,d=tp3 # v4
vl :=g(e),v2 := g(d)

v3 := f(a,v2),v4 := f(b,vl) AMNSAT

/
L\
| V3,04 )
N




All in One Example

a = bA
c= f(a)A
d= f(b)A
—(c=d)

P1 NP2 Ap3z N\ py

DPLL



DPLL

0

P1

P1 P2
P1 P2 P3

P1 P2 P3, P4

p1 A p2 A p3 N\ Py

P1, D2,
P1, P2,
P1, P2,
P1, D2,
P1, P2,

P3;
P3;
P3;
P3;
P3;

SIS IS IS N

1= (
1=
1= (
1= (

PureLiteral
PureLiteral
PureLiteral

PureLiteral

)
)
)
)



All in One Example

a = b\
c= f(a)A p1 A pa Aps A s il po=1pa =1,
d= f(B)A b= b=
—(c=d)
b=a,
c= f(a),
d= f(b),



EUF

a = bA

c= f(a)A a=0b,c=wv;,d=v9,cF#d,
= _ _

d= f(b)A v = f(a),v2 := f(b)

—(c = d)



EUF

a=b,c=v,d=1vyc#d,

v := f(a),vs := f(b)

© ® © @ @ @



EUF

(azlﬂc:vl,dzvg,c#d,
v := f(a),v2 := f(b)

© @ () (@



EUF

azb,(czvg,dzvg,c#d,
v := f(a),v2 := f(b)

(o) (@ (=




EUF

a=b,c=v1,@=vg,c#d,
v := f(a),v2 := f(b)

(@) () (e




EUF

a:b:czvl,dZ’Uzgc#d:

[ a=b= f(a) = f(b) 7 V1 = f(a);’Uz = f(b)




EUF

a = b,c=vl,d=vg,(c;éd)
v := f(a),v2 := f(b)




ALL IN ONE

a = bA
c= f(a)A\
d= f(b)A
—(c=d)

DPLL

— P1 Ap2 Ap3 A\ s T

—(p1 Ap2 A p3 A —pa)

|



DPLL

PL AP ADP3 APy A (—p1V —pa V-3V py)

0

P

p{ ph

p{ ps P

p{ Ps P§ Pa
p{ P P3
p{ P2

P1

P1y, P2,
P1, P2,
P1, P2,
P1, P2,
P1, P2,
P1, P2,
P1y, P2,
P1y, P2,

P3,
P3,
P3,
P3,
P3,
P3,
P3,
P3,

P4,

P1LVDP2Vp3Vopy = (DECEO!E)

P4,

PLVPpaVp3Vpy = (DECEdE)

P4,

D1V P2 Vp3Vopy = (DECEdE)

P4,

P1VpaVp3Vps=

P4,

P1VPpaVpsVps=

P4,

P4,

PIVDPaVp3Vopy = Backt?“a,ck')

P4,

(
(
P1 VP2 VD3V py = (Backtrack)
(
(

DLV P2 Vp3Vopys = Fﬂﬂ)



ALL IN ONE

a = bA
c= f(a)A
d= f(b)A
~(¢c=d)

wsm']
DPLL
— P1 Ap2 Ap3 A\ s T

=(p1 Ap2 A p3s A —ps)

|
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Architecture of Z3's SMT Core solver wWe have been 'Lg VLDYf«V\/@& 2ey
quantifiers so far.
\__ ,




Arrays

EUF + SAT

Bit-vectors

. N
E-matching Theomes
based
Quantifier W@ QYC .
Instantiation rithmetic
, here. |
_J

N N N N

hYShYahYS

Datatypes
Model
based
Quantifier Strings/Sequences
Instantiation
o /

Architecture of Z3's SMT Core solver ltis very d"fﬁ’m’d’t & @y
because domain of 55

discourse s tnfinite.

- J




Quantifier

-

\_

~

To make things easter, we can

elimainate all existemtial

qua V\/ti«‘ﬁ/m’s. > y ‘-“<1\.;




Quantifier

1) Move “not” inwards.
2) Use skolemization to eliminate existential quantifiers.

3) Now we obtain a formula with only positive universally-quantified literals.

( 7
There Ls no “not”
before quantifiers.




A Quick Recap

(Vx)(Jy)(3z)S(a,b,x,y, 2)
4
. g dlepends on X L(Vm)(ﬂz)S(aﬁ b, z, f(x), 2)

¥ i Z depends on x
(Vi)S(a,bjﬁj,f(ZE),g(ﬁ?)) J

4 we don't need to move all the

quantifiers to the front of all
formulas. We directly do > 7
9 skolemization on quantifiers. y

e

~\




Quantifier

Now there are only universal quantifiers.

Intuitive approach: replace x with a

g9(f(a)) = 0N (V)(g(f(z)) = 1)



Quantifier

Now there are only universal quantifiers.

Intuitive approach: replace x with a

g9(f(a)) = 0A|(Vz)(g(f(z)) = 1)

g(f(a)) =1



Quantifier

Now there are only universal quantifiers.

Intuitive approach: replace x with a

g(f(a)) = 0 A|(Vz)(g(f(x))

Theory Solvers

UNSAT



Thanks & Questions



EUF

a=-c,
a = f(b), a=ca=uv,d=uvyb#e c=uvy
d = f(e), - v1 := f(b),vs := f(e)

b# e,

c= f(e)

[ Solve the problem




EUF

a=c,a=1v,d="uvyb#e c=uv

vy := f(b), vy := f(e)

@ @ © @ © ) ()



EUF




EUF




EUF

a:c,a:vl(d:vg)b;ée,c:vg
vy := f(b), vy := f(e)

en) @ ©




EUF

a:c,a:vl,d:vg,b;ée,(c:vg)

vy := f(b), v := f(e)
/[SAT\
) ©

we wneed to give an
asstgniment




EUF

Assuming that the domain of a, b, c,d, e is S. a=ca=uv,d=uvyb%ec=uvy

S can be expressed as a set {S,, 54, ... S, }. v := f(b), vy := f(e)

we need to assign
S; to the circles

ORO




EUF

For ¢ in circles: a=ca=uv,d=uvyb#e c=uv,
choose a new s from S v1 := f(b),vs := f(e)

assign stoc

ORO



EUF

Assuming that the domain of a, b, c,d, e is S. B B B B
a=c,a=1v,d=1vb#e,c= vy

S can be expressed as a set {S,, 5 }. vy := f(b), vy := f(e)

(" what if S has no enough
values to be assigned? €.9.,




EUF

For c in circles: a:c,a:’ul,d:’vg,czvg

choose a non-conflict s from S v1 == f(b), vy := f(e)

assign stoc

if no available s

return @ @

return



EUF

Assuming that the domain of a, b, c,d, e is S. a=ca=uv,d=uvyb%ec=uvy

S can be expressed as a set {S,, 54, ... S, }. @1 = f(b), vy := f(e))

How to assigwn
functions?

ORO




EUF

a=c,a=v,d=1v,bF#e c=1v

@1 = f(b))’uz = f(e)
-\ - /(5= 50 f(5) = 5o

@ @ f(x) =S, when xisnotS; or S,




EUF

a=c,a=v,d=1v,bF#e c=1v

(02 = 1(b),v2 = f(e))

®)

‘ f(51) — So:f(Sz) =5

f(x) =S, when xisnotS; or S,



Code in Z3

from z3 import *

//
sort = IntSort()

= Const('a', sort)
= Const('b', sort)
= Const('c', sort)
Const('d', sort)
= Const('e', sort)
= Function('f', sort, sort)

-~ MD®D QO N T W
||

b !=e, c == f(e))

-~ 0O O Q ©C D

solve(a==c, a == f(b), d ==f(e),
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